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classical estimation

g Cauchy-Schwarz's inequality
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ITERGINVE /\/ F(A) Cramer-Rao inequality

F(\) = foop P(jlk\) (pr(x|>\)) “dx  Fisher information




classical estimation

cenftral limit theor
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repetition of experiments

estimator: mean value of the measurement outc



gquanfum estimation

probability of the outcome x: p(x|\) = Tr[Mxe(N)]

quanfum Fisher information: Q
[independent of measurements] FIQ(, N)

quantum Cramer-Rao
inequality [5>\ > 1/'/
stric logarithmic derivative (SLD)  (1/2)[Lxe

for pure states Ly = 2050(X)

QF F(Q) = Tr[o(\)L3]



gquantum estimation in closed systems

0(0) —_— ‘=M —>  o(A)

H(A) = AH
Oro(A) = —it[H, o(N)]

F(Q) < 4t2(AH)? = 4t°Covy(H, H)

[ AX > 1/(2tAH) ]




quanfum estimation in closed systems

Heisenberg

entanglement it

AH — NAH
. Giovannetti, S. Llioyd, and L. Maccone, PRL (2006)]

beyond the
Heis.en.berg
dy interaction -
= A Zil ..... P hil ----- I AH — NkAH

[Boixo et al., PRL (2007)]



calculation of QFl is difficult for mixed states

approaches:

iIcation with an ancilla [Escher et al., Nature Physics

s . [SA, M. Mehboudi, and »
with vectorization [F. Benatti. SA. o e

\

ir y the definition of SLD fo non-Hermitian de

alculating QFl in terms of the QFI of compatible decomposi A

S [SA, arXiv:1403.8033]



0 omics: o(t, \) = 22, Ai(t, N)e(0)Al (£, A)

Kraus representation

namics with a generator: o(t, \) = et’c(}‘)[Q(O)]

(0)




purification with an ancilla

he bound is achievable, but it needs optimizatior

[Escher et al., Nature Physics (2011)]



dissipative Cramer-Rao bound (in terms of generator)

for simplification: L(\) = AL

vectorization: lo(t, \))) = etZO‘)IQ(O)»

alized pure state o(t; A) = |e(t; M) ({e(t;
L =202

~

generalized QF: = 4t2Cov5[ET, L] | —>|error 1,

Covgltt, T) = Tr(@l1T) — Trlel I Tr(aL]



how dose the generalized QFl relate to the QFl of the system?

Ly=Lo®I+1®L) —8InTr[g?]

Tr[ T2 (TF[QLQQLQHTF[QZLZ] Q(r -

- 2 - .
& LOWER bound on the @Fl | 121 _F(Q) ¢ F(Q)
4Xmax(0)




LOWER bound vs. UPPER bound
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non-Hermitian SLD (dynamical bound)

motivation:
fime derivative of g Oro = —i[xoH. o] + Z:,-Xil_,'Ql_:-r - %{r:-rri- o}

where

generalization: NSLD (050 = (Lo + oL})/2 wey | F Q) (x) < Tr[L,0L}] = F{& (x)

NB. non-Hermitian right logarithmic derivative operators have already been used in the
literature [Fujiwara and Imai, JPA (2008)]
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a general Lindblad equation Oro = —i[xgH, o] + Z/Xi(riQr}L - %{F}Lr,‘-ﬂ)

estimation of xo  Ox,0 = —i7[H — (H),, 0] wmy L, = —2i7(H — (H),)
F = 47‘2AZ

ul,xo

& 1
estimation of xi 9, o = T(PiQFI - 5{F}fl“z-, o)) mmmp [. = T(I‘iQFIQ—l _ Fl_‘ri

)

asing quantum channel: 8r0 = —ixg[H, o] + x1(0z007 — @)

entangled initial state: (|0)®N + |1)®N)/\/2 .7-"5?) = N272/(e2Nex _ 1)

F(Q) — N2,7.2/e2N'rx



kinematic bound

[Demkowicz-Dobrzanski et al.,  [Fujiwara,
Nature Communications (2012)] PRA (2

convex decomposition: @ = Z i Pi@j

Ox(pjei) = (1/2)[L;pjo; + pjojL ] kinematic bound on the QFI: ]—“l(lg) = FO{p;}) + Zipz.]:i(Q)

classical Fl of probability distribution: f(c)({pz'}) = Z-(ﬁxpz')2/pi

QFl of each state: ]—'(Q)

m classical fo quantum:
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kinematic upper bound + nSLD : purification with ancilla

Kraus representation QT(X) = zz Aq:(X, T)QOA;‘L (X7 7')

a natural decomposition: mmmp p;, = Tl‘[AiQ()A;-r] 0i = Az'QoAJ;L/TT[AiQoAJ;L]

using NSLD: 8x(pin') — (LiPin' +piQiL;;r)/2

on the kinematic bound (Q) = > .4((0x AT(‘? Ai) oo — ia(AI(?XAQQO) + o?

-

optimization: f(Q)( ) = 4(<H1>90 N <H2>g°)

where: H, = 3,0, A0, A, Hy =iy AT0, A,
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